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1. Introduction
A deformation quantization of a Poisson manifold ðM; f ; gÞ is an associative pro-
duct  on CyðMÞ½½p so that
f  g ¼ fgþ pP1ð f ; gÞ þ p2P2ð f ; gÞ þ    ;
 being p linear, Pi bidi¤erential, and
½ f ; g ¼ ipf f ; gg þOðpÞ;
where ½ ;  is the commutator with respect to .
This notion was ﬁrst introduced in [1].
The question of existence and classiﬁcation of deformation quantizations on general
Poisson manifolds was solved in 1997 by Kontsevich in [9].
The simpler case of existence of deformation quantizations of the canonical Poisson
structure on symplectic manifolds was solved already in [16]. A simple geometric con-
struction of deformation quantizations of symplectic manifolds was given by Fedosov in
[6]. The advantage of Fedosov’s construction compared to the ones in [9] and [16] is that it
is easy to handle and also suitably generalizable. The most general setting of the Fedosov
construction is probably given in [15], where deformation quantizations of symplectic Lie
algebroids is done. Also the classiﬁcation of deformation quantizations becomes amenable
in view of the Fedosov construction. In the case of symplectic manifolds this was done in
[11], and the classiﬁcation of deformation quantizations on a symplectic manifold ðM;oÞ is
given by the points (characteristic classes) y in the space
o
ip
þH 2ðM;C½½pÞ:
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One of the main classes of examples of deformation quantizations of symplectic
manifolds are those coming from the asymptotic calculus of pseudodi¤erential operators on
manifolds, see for example [13]. If we consider the asymptotic calculus of pseudodi¤erential
operators on a manifoldM, we will get a deformation quantization of the cotangent bundle
T M of M, where T M is equipped with the canonical symplectic structure.
This example gives the connection to index theory. On a deformation quantization of
any symplectic 2n dimensional manifold there is a canonical trace, unique up to multipli-
cation by a scalar, of the form
TrðaÞ ¼ 1
n!ðipÞn
 Ð
M
aon þOðpÞ

:ð1:1Þ
By an appropriate choice of the representation of the quantization, i.e. after applying a
linear isomorphism of CyðMÞ½½p of the form
f ! f þ pD1ð f Þ þ   
one can assure that Tr has the form
TrðaÞ ¼ 1
n!ðipÞn
Ð
M
aon;
which ﬁxes it uniquely.
In most proofs of the Atiyah-Singer index theorem and related ‘‘local’’ index theo-
rems, one of the main di‰culties is to compute the trace of a certain operator on a Hilbert
space, usually L2ðMÞ as above. In order to compute this trace, a scaling p in Rþ of the
operator is introduced, and the asymptotic expansion of the trace as p! 0 becomes com-
putable, at least the constant term in the expansion. The computations coming out of this
are computations like (1.1). This is why computing the canonical trace on deformation
quantizations is called algebraic index theory. Actually, according to [13], computing the
trace on deformation quantizations in a way that will be described now, implies the Atiyah-
Singer index theorem.
Many elements, though not all, on which computing the trace is interesting, are ﬁrst
components of classes in cyclic periodic homology. The cyclic periodic homology or rather
cohomology was invented by Connes in [5]. It is the noncommutative analog of de Rahm
cohomology and was already at the beginning intimately connected to index theory. A
complex computing the cyclic periodic homology of a unital algebra A over a ﬁeld k is
given by
CC perevenðAÞ ¼
Q
i
AnAn2i; CC peroddðAÞ ¼
Q
i
AnAn2iþ1
where A ¼ A=k  1 and the di¤erential
CC perevenðAÞ  !
bþB
CC
per
oddðAÞ
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is given by
bða0n   n anÞ
¼ Pn1
k¼0
ð1Þka0n   n akakþ1n   n an þ ð1Þnana0n a1n   n an1
and
Bða0n   n anÞ ¼
Pn
k¼0
ð1Þk1n akn akþ1    n ann a0 . . . ak1:
If for example p AMnðAÞ is a projection, a class in HC perevenðAÞ is given by the formula
tr

pþ P
kf1
ð2kÞ!
k!
ðp 1=2Þn pn2k

;
where
tr : MnðAÞnk ! Ank
is the map given by
ðM1n a1Þn   n ðMkn akÞ 7! trðM1 . . .MkÞa1n   n ak:
Therefore trðpÞ can be regarded as the ﬁrst component of a class in cyclic periodic homo-
logy. This class is also called the Chern character of p.
Evaluating Tr on the ﬁrst component gives a morphism of complexes
Tr : CC per ðApcÞ ! C½½p; p1;ð1:2Þ
where Apc is the algebra of compactly supported elements C
y
c ðMÞ½½pÞ in a deformation
quantization Ap, and C½½p; p1 is considered as a complex concentrated at degree zero with
the trivial boundary map.
Computing the trace on elements that are ﬁrst components of a class in cyclic periodic
homology is therefore the same as computing (1.2) at the level of homology.
In [11] it is proved that
TrðÞ@ ð1Þn Ð
M
A^ðTMÞey ~mðÞ
where@means that the two sides deﬁne the same morphism at the level of homology. Here
y is the characteristic class of the deformation and ~m is the map CC per ðApÞ ! WðMÞ given
by
~mða0n   n akÞ ¼ 1
k!
~a0d ~a1    d ~ak; ~ai ¼ ai mod p:
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This settles the problem of computing the trace at the level of homology for defor-
mation quantizations of symplectic manifolds.
1.1. Contents of the paper. Below I propose a deﬁnition of deformation quantiza-
tion of endomorphism bundles over a symplectic manifold. The motivation is clear: De-
formation quantizations of the trivial line bundle are the algebraic analogs of pseudodi¤er-
ential operators in line bundles. Therefore deformation quantizations of an endomorphism
bundle EndðEÞ, E vector bundle over M, should be the algebraic analogs of pseudodi¤er-
ential operators in any vector bundle having EndðEÞ as endomorphism bundle.
The deﬁnition proposed requires a product  on
G

EndðEÞ½½p
so the algebra

G

EndðEÞ½½p;  is locally isomorphic toMNðWnÞ; hereWn is the Weyl al-
gebra, the canonical deformation quantization of the standard symplectic structure on R2n.
It turns out that the Fedosov construction also works in this case. Thus let MNðApÞ
be the algebra of jets at zero of elements in MNðWnÞ. Associated to

M;o;EndðEÞ there
is an algebra bundle W with ﬁber MNðApÞ. Put g ¼ Der

MNðApÞ

. There is now a short
exact sequence
0! 1
p
C½½p ! ~g! g! 0
of Lie algebras. The Fedosov construction then consists, for a given element y in
o
ip
þH 2ðM;C½½pÞ;
in constructing a ﬂat connection ‘ inW with values in g, such that ker‘FG

EndðEÞ½½p
linearly and ‘ admits a lift ~‘ to a connection with values in ~g and curvature y. The product
on GðWÞ induces a product on ker‘ ¼ GEndðEÞ½½p. This product gives a deformation
quantization of EndðEÞ, and y will be an isomorphism invariant of the deformation quan-
tization.
This construction is done in section 3. In this section the following is also shown.
Theorem 1. A deformation quantization of EndðEÞ is isomorphic to the algebra of ﬂat
sections of a Fedosov connection, and the isomorphism classes of deformation quantizations of
EndðEÞ are classiﬁed by the points in
o
ip
þH 2ðM;C½½pÞ:
The principle that a deformation quantization comes as ﬂat sections in a certain inﬁ-
nite dimensional vector bundle is not special to deformation quantizations. In section 2 it is
shown that sections of G

EndðEÞ are ﬂat sections in an algebra bundle with ﬁbre
MNðC½½x^1; . . . ; x^nÞ:
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The reason for redoing this construction for EndðEÞ is that it is notationally simpler,
and, hopefully, clariﬁes the construction. Therefore in section 3 only the di¤erences in
the construction for EndðEÞ and deformation quantizations of endomorpism bundles are
spelled out.
Like in the scalar case there are canonical traces on deformation quantizations of
endomorphism bundles. The rest of the paper is devoted to an index theory for these traces.
The methods used for this have been developed by Nest and Tsygan in [11], [12], [2] and
[15]. These methods are based on the following:
(1) The action of the reduced cyclic complex C l ðAÞ on CC per ðAÞ:
C l ðAÞ  CC per ðAÞ ! CC per ðAÞ:
(2) The construction of the fundamental class, a special class in C l ðApEÞ, where ApE is
the deformation quantization of EndðEÞ. Or rather the construction of a class in the Cˇech
complex, C 

M;C l ðApEÞ

, with values in the presheaf V ! C l ðApEjV Þ.
(3) Computations in Lie algebra cohomology in order to identify the fundamental
class at the level of cohomology.
The fundamental class U lives in C l2n1

MNðWnÞ

. Its role is that it relates Tr to ~m
when evaluated at classes that are scalar mod p. This has the e¤ect that
TrðU  aÞ ¼ ð1ÞnÐ ~mðaÞ; a A CC per MNðWn; cÞ:
Here, as before, the subscript ‘‘c’’ denotes the ideal of compactly supported elements in the
deformation algebra in question.
The following plays the major role.
Theorem 2. In cohomology, the class U has a unique extension to a class in
C 

M;C l ðApEÞ

, also denoted by U . On classes of the form a0n   n ak A CC per ðApE; cÞ,
where ai is a scalar mod p, the following holds:
TrðU  aÞ ¼ ð1ÞnÐ ~mðaÞ mod p:
It is not di‰cult to see that this implies for general classes a0n   n ak in
CC per ðApE; cÞ that
TrðU  a0n   n akÞ ¼ ð1Þn
Ð
ch

EndðEÞ1 chð‘Þð~a0n   n ~akÞ mod p
where ch

EndðEÞ is the usual Chern character of EndðEÞ as a vector bundle, ‘ is a con-
nection in EndðEÞ, and
chð‘Þð~a0n   n ~akÞ
¼ Ð
Dk
tr

~a0e
t0‘2‘ð~aiÞet1‘2   ‘ð~akÞetk‘2

dt0    dtk1
the J.L.O. cocycle associated to ‘.
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To ﬁnish the index theory, the fundamental class has to be identiﬁed. This is done via
Lie algebra cohomology. We have the Gelfand-Fuks morphism of complexes
C 

g; suðNÞ þ uðnÞ;C l

MNðApÞ
! C M;WM;C lMNðApÞ;
the latter complex being quasi-isomorphic to C 

M;C l ðApEÞ

. As in the case of MNðWnÞ,
there is a fundamental class U in C l

MNðApÞ

extending uniquely in cohomology to a
class in Lie algebra cohomology, also denoted by U . It turns out that GFðUÞ is equi-
valent to U in C 

M;C l ðApEÞ

via the quasi-isomorphism between C 

M;C l ðApEÞ

and
C 

M;W

M;C l

MNðApÞ

. Hence the question of computing or identifying U is now a
question of computations in
C 

g; suðNÞ þ uðnÞ;C l

MNðApÞ

:
It turns out to be useful to work with the di¤erential graded algebra MNðApÞ½h, where h is
a formal variable, h2 ¼ 0 and the di¤erential is given by q
qh
.
The reason for doing this is to include the identity operation on CC per

MNðApÞ

.
Thus the action of C l

MNðApÞ

on CC per

MNðApÞ

extends to an action of
C l

MNðApÞ½h

on CC per

MNðApÞ

. With this action, the classes hðkþ1Þ ¼ k!hnkþ1 become
the identity operations. The main technical theorem of this paper, Theorem 6.0.3, states the
following:
Theorem 3. U is equivalent to
P
mf0

A^  ey  ðchÞ11
2m
 hðmÞ
in C 

g; suðNÞ þ uðnÞ;C l

MNðApÞ½h

, i.e. it deﬁnes the same cohomology class.
Here A^ is the Lie algebraic class A^ coming from uðnÞ, ch is the Lie algebraic Chern
character coming from suðNÞ and y is the Lie algebraic class of deformation.
From this follows the index theorem:
Theorem 4. Let ApE be a deformation quantization of EndðEÞ and let y be the asso-
ciated characteristic class. Then the identity
TrðaÞ ¼ ð1ÞnÐ A^  ey  chð‘Þð~aÞ
holds when a is a cycle in CC per;C ðApE; cÞ.
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Similar notions of deformation quantization of endomorphism bundles have been
studied by Fedosov [7] and by Bursztyn and Waldmann [4].
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2. Sections of endomorphism bundles as ﬂat sections in a proﬁnite bundle
Let On ¼ C½½x^1; . . . ; x^n and MNðOnÞ ¼MNnOn, where MN is the algebra of
N N complex matrices. We give MNðOnÞ a grading by setting
degðbn x^iÞ ¼ 1; b AMN :
Furthermore we give MNðOnÞ the I -adic topology, where I is the ideal generated by ele-
ments of degreef 1.
Deﬁnition 2.0.1. Let G be the group of continuous automorphisms of MNðOnÞ such
that the induced automorphism on the centre On is an automorphism induced by an auto-
morphism on R½½x^1; . . . ; x^n.
Lemma 2.0.2. An automorphism in G is the composition of an automorphism induced
by an automorphism of R½½x^1; . . . ; x^n and an inner automorphism.
Proof. Given an automorphism F in G let j be the induced automorphism on On.
Considering w ¼ F  ðjn idÞ1 we have that w is an On-module map.
For A in MNðCÞ we have
wðAÞ ¼ D0ðAÞ þ higher order terms; D0ðAÞ AMN :
Since D0 is an automorphism of MN , it is inner, and hence it extends to MNðOnÞ. Let
w1 ¼ w D10 . Then
w1ðAÞ ¼ Aþ
P
i
x^iDiðAÞ þ higher order terms:
Each Di is a derivation of MN and hence given by a commutator by an element Bi in MN .
Therefore
w1  exp
P
i
adðx^iBiÞ

ðAÞ ¼ Aþ terms of orderf 2:
Continuing by induction, we get a sequence of elements Ck inMNðOnÞ, where degðCkÞ ¼ k,
with

w  expadðC0Þ      expadðCkÞðAÞ ¼ Aþ terms of orderf k þ 1:
Since the product
exp

adðC0Þ
      expadðCkÞ    
converges, we see by the Hausdor¤-Campbell formula that w is inner.
From Lemma 2.0.2 we get:
Proposition 2.0.3. The Lie algebra of the Lie group G is
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W0ny

glNðOnÞ=centre

;
whereW0n is the Lie algebra of formal vector ﬁelds vanishing at zero.
We note that Der

MNðOnÞ

is larger thanW0ny

glðOnÞ=centre

, namely
Wny

glNðOnÞ=centre

;
whereWn are all formal vector ﬁelds on R
n.
Lemma 2.0.4. Let X be a contractible open subset of Rk, let AutðMnÞ be the auto-
morphism group of Mn, and let DerðMnÞ be the derivations of Mn. Any smooth map
j1 : X ! AutðMnÞ (resp. j2 : X ! DerðMnÞ) lifts to a smooth map ~j1 : X ! Gln (resp.
~j2 : X !Mn).
Proof. First the case of j1:
Let feijg be the standard matrix units. The families
x! j1ðxÞðeiiÞ
of projections over X give rise to a family of line bundles flig over X by
li ¼

j1ðxÞðeiiÞ
ðRnÞ:
Since X is contractible, these line bundles are trivial. Let v1 be a smooth nowhere vanishing
section of l1, and let
viðxÞ ¼

j1ðxÞðei1Þ

v1ðxÞ

:
Put

~j1ðxÞ
ðeiÞ ¼ viðxÞ;
where ei is the vector ða1; . . . ; anÞ A Rn with aj ¼ 0, j3 i, and ai ¼ 1. Since

~j1ðxÞeij

~j1ðxÞ
1
vkðxÞ ¼ ~j1ðxÞeijek ¼ ~j1ðxÞeidjk ¼ djkviðxÞ;
and
j1ðxÞðeijÞvkðxÞ ¼

j1ðxÞðeijÞ

j1ðxÞðek1Þ

v1ðxÞ
¼ dkjj1ðxÞðei1Þ

v1ðxÞ
 ¼ dkjviðxÞ;
we have that ~j1 : X ! Gln is smooth, and that
~j1ðxÞA

~j1ðxÞ
1 ¼ j1ðxÞðAÞ; A AMn:
In the case of j2 let j : X  R! AutðMnÞ be deﬁned by
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jðx; tÞ ¼ exptj2ðxÞ:
This is clearly a smooth map, and hence by the ﬁrst part of the lemma we get a smooth
lifting of j to ~j : X  R! Gln.
Deﬁning
~j2ðxÞ ¼
q
qt
ð~jÞðx; 0Þ;
the lemma follows.
In view of Lemma 2.0.4, the proof of Lemma 2.0.2 actually shows
Lemma 2.0.5. A smooth family of elements in G over a contractible open subset X of
Rk lifts to a smooth family over X of elements in the group of invertible elements in MnðOnÞ.
2.1. Jets of sections of endomorphism bundles. Let A be an algebra bundle over a
manifold M. In this case we let
Im ¼ fa A GðAÞ j aðmÞ ¼ 0g:
Given this, we deﬁne
JmA ¼ lim 
k
GðAÞ=I km:
Denote by Jm the quotient map from GðAÞ into JmA. In the following we are only inter-
ested in the case, where A ¼ EndðEÞ, E a vector bundle. Note that JmAFMNðOnÞ by
choosing a trivialization; and that any other trivialization leads to an automorphism of
MNðOnÞ belonging to G.
Suppose we are given a smooth path of automorphisms Ft in G, according to Lemma
2.0.5 we can write it as Ft ¼ jt  wt, where jt is a smooth path of automorphisms induced
by automorphisms of R½½x^1; . . . ; x^n and wt is a smooth path of inner automorphisms of
MNðOnÞ. It is well known that jt lifts to a smooth path of local di¤eomorphisms ~Ft of Rn
preserving zero, and since wt lifts to a smooth path of invertible elements inMNðOnÞ, it lifts,
by the Borel lemma, to a smooth path of invertible elements in MN

CyðUÞ, where U is
an open subset of Rn containing zero. We thus get
Proposition 2.1.1. Any smooth path of automorphisms in G lifts to a smooth path of
local bundle automorphisms of MN

CyðRnÞ preserving zero.
2.2. The frame bundle. For a manifold M with a vector bundle E we deﬁne the
following:
Deﬁnition 2.2.1. The frame bundle ~ME is given by
~ME ¼ fðm;FÞ jm AM;F : MNðOnÞ !@ Jm EndðEÞg:
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We note that ~ME is a proﬁnite manifold and in fact a principal bundle over M with
ﬁbre G.
Proposition 2.2.2. For all ðm;FÞ A ~ME there is a canonical isomorphism
oðm;FÞ : Tðm;FÞ ~ME ! Der

MNðOnÞ

:
The map o these isomorphisms deﬁne from T ~ME to Der

MNðOnÞ

satisﬁes
(i) oðAÞ ¼ A; A AW0ny

glNðOnÞ=centre

;
(ii) jo ¼ adj1o for j A G;
(iii) doþ 1
2
½o;o ¼ 0; x
where A is the fundamental vector ﬁeld corresponding to A.
In other words, o is a ﬂat connection in ~ME with values in Der

MNðOnÞ

.
Proof. Suppose we are given a path in ~ME so gðtÞ A ~ME with _gð0Þ ¼ v,
gð0Þ ¼ ðm;FÞ, and gðtÞ ¼ ðmt;FtÞ. This lifts to a path of trivializations ~g ¼ ðmt; ~FtÞ,
~Ft : MN

CyðUÞ! GEndðEÞ that map 0 to mt.
Deﬁne oðvÞ to be the derivation
J0ðaÞ ! J0 d
dt

~F1  ~FtðaÞ
 
; a AMN

CyðUÞ:
This does not depend on the choice of g or the lifting to ~g and will be an isomorphism.
Identity (i) follows, since o is the canonical one form on the ﬁbres of ~ME .
For identity (ii), we have to compute o

jðvÞ

, j A G, but
o

jðvÞ
 ¼ J0ðaÞ ! J0 d
dt

~j1  ~F1  ~Ft  ~jðaÞ
  ¼ adðj1ÞoðvÞ.
Identity (iii) is equivalent to
o
½o1ðXÞ;o1ðYÞ ¼ ½X ;Y ; X ;Y A DerMNðOnÞ:
This is actually a consequence of identity (i), because the statement is obvious for X ;Y of
the form
q
qx^i
A Der

MNðOnÞ

. For X ;Y in W0ny

glNðOnÞ=centre

it follows, because o
is the canonical one form on the ﬁbres of ~ME . Hence it su‰ces to check the case when X
is of the form
q
qx^i
and Y AW0ny

glNðOnÞ=centre

. Therefore let jt be the one parameter
group for Y on G. We have
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o
½o1ðXÞ;o1ðYÞ ¼ o lim
t!0
1
t
ðjtÞo1ðX Þ  o1ðX Þ
 
¼ lim
t!0
1
t

adðj1t ÞðX Þ  X
 ¼ ½X ;Y ;
from which the proposition follows.
Given ~ME , we deﬁne the jet bundle of EndðEÞ by
JE ¼ ~ME G MNðOnÞ:
The ﬂat connection on ~ME gives a ﬂat connection in JE in the following way: Choose
a trivialization of JEjU !@ U MNðOnÞ. This corresponds to a lift s : U ! ~MEjU of the
projection P : ~ME !M. In this trivialization the connection ‘ is given by ‘ ¼ d  sðoÞ,
where o is the connection described in Proposition 2.1.1.
Proposition 2.2.3. The complex

WðM; JEÞ;‘ is acyclic, and the cohomology is
isomorphic to G

EndðEÞ.
Proof. There is an injective map j from G

EndðEÞ into JE given by
jðgÞ ¼ ðm;FÞ;F1ðJmgÞ; g A GEndðEÞ:
To see that the image of j belongs to the kernel of ‘, choose a trivialization in the sense of
a local bundle map F : MN

CyðUÞ! GEndðEÞ, U open subset of Rn. Denote the in-
duced map from U toM by F. From this trivialization we get a special trivialization of ~ME
by letting ~Fu denote the map MNðOnÞ ¼ Ju

MN

CyðUÞ! JFðuÞGEndðEÞ induced
from F and then deﬁne
U  G C ðu; gÞ ! FðuÞ; g~Fu:
Using this trivialization, we get a local bundle isomorphism
CyðUÞnMNðOnÞ ! JE;
and in this trivialization it is not di‰cult to see that
‘ ¼ d P
i
dxin
q
qx^i
:ð2:1Þ
If g AMN

CyðUÞ, we have that jðgÞ is just given by the Taylor expansion in each point,
i.e.
jðgÞðuÞ ¼P
I
qjI jg
qxI
x^I ;
where I runs through all multi-indices. Hence jðgÞ A kerð‘Þ.
A computation in

W

U ;MNðOnÞ

;‘

, where ‘ is as in (2.1), gives that
W

U ;MNðOnÞ

;‘

is acyclic, and the cohomology is j

MN

CyðUÞ.
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We have thus seen that

WðM; JEÞ;‘ is locally acyclic and the cohomology is lo-
cally isomorphic to G

EndðEÞ. Since we have also seen that GEndðEÞ is globally con-
tained in ker‘, i.e. the cohomology of

WðM; JEÞ;‘ is a module over GEndðEÞ, the
statement follows.
3. Deformation quantization of endomorphism bundles
We start with looking at R2n with the standard symplectic structure, and denote the
coordinates by x1; . . . ; xn; x1; . . . ; xn. On C
yðR2nÞ½½p we consider the Weyl quantization
given by the product
ð f  gÞðx; xÞ ¼ exp

ip
2
Pn
k¼1
ðqxkqhk  qxkqykÞ

f ðx; xÞgðy; hÞjðx¼y;x¼hÞ:
We will denote the Weyl quantization byWn.
Since the deﬁnition of the product in the Weyl quantization of two functions f ; g only
uses derivatives of f and g, the Weyl quantization makes sense over any open subset U of
R2n. We will in this case talk about the Weyl quantization over U .
Let ðM;oÞ be a symplectic manifold, and let E be a vector bundle over M.
Deﬁnition 3.0.4. A deformation quantization of EndðEÞ is a p-linear associative
product  on GEndðEÞ½½p, continuous in the p-adic topology and satisfying
f  g ¼ fgþ pBið f ; gÞ þ    ;
where f ; g A G

EndðEÞ, and the Bi are bidi¤erential expressions. Furthermore we require
that

G

EndðEÞ½½p;  is locally isomorphic to MNðWnÞ, where Wn is the Weyl algebra
on some open subset of R2n.
In this case locally isomorphic means that we are given a local bundle isomorphism
F : MN

CyðUÞ½½p ! GEndðEÞ½½pjU over a local symplectomorphism such that the
product 0 induced by  on MN

CyðUÞ½½p is isomorphic to MNðWnÞ. Isomorphic means
that there exist di¤erential operators fDig such that the map
j :

MN

CyðUÞ½½p; 0!MNðWnÞ
given by
jðaÞ ¼ aþ pDiðaÞ þ    ; a AMN

CyðUÞ
is an isomorphism of algebras.
We want to do the same construction for deformation quantizations as we did for
endomorphism bundles. We therefore need the inﬁnitesimal version ofMNðWnÞ. This is just
given by considering O2n½½p, O2n ¼ C½½x^1; . . . ; x^n; x^1; . . . ; x^n, with the same product as
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in the Weyl quantization. With this product we denote the algebra by Ap. The inﬁnitesimal
structure of MNðWnÞ will then be MNðApÞ.
Deﬁnition 3.0.5. A formal symplectomorphism of O2n is a continuous automor-
phism of O2n induced from an automorphism of
R½½x^1; . . . ; x^n; x^1; . . . ; x^n
that preserves the formal standard Poisson bracket f ; g on O2n.
Let G be the subgroup of automorphisms of MNðApÞ such that F A G if F is p linear
and continuous. Moreover, Fmod p becomes an automorphism F0 of MNðO2nÞ, and F0
induces a formal symplectomorphism on O2n.
If F A G, we let j denote the induced symplectomorphism on O2n. In this case we will
say that F is an automorphism over j.
Lemma 3.0.6. Every automorphism of MNðApÞ over the identity symplectomorphism
is inner.
Proof. Let F be such an automorphism. Since it is an automorphism mod p over the
identity, it is inner mod p, and we can hence assume that F is the identity mod p. In other
words,
FðaÞ ¼ aþ pD1ðaÞ þ    ; a AMNðO2nÞ:
Since F is an automorphism, D1 is a derivation of MNðO2nÞ and hence of the form
X þ ½A; , where X is a formal vector ﬁeld and A AMNðO2nÞ. If we assume that a; b A O2n,
we have that
fa;D1ðbÞg þ fD1ðaÞ; bg ¼ D1ðfa; bgÞ;
since F is an automorphism. This means that X is a formal hamiltonian vector ﬁeld.
Therefore there exists an element x in O2n such that D1ðaÞ ¼ fx; ag. Hence we have
F  expadðxþ AÞ ¼ idmod p2:
Continuing in this way, the result follows.
It is well known from [11] that the Lie algebra of G in the case where N ¼ 1, is given
by
g0 ¼
ia
p
 a A Ap; a real mod p; a A ðx^1; . . . ; x^1; . . .Þ2 mod p
 	

C½½p
p
;
and that any element of G is of the form expðgÞ, g A g0.
We therefore see that the Lie algebra g0 of G for arbitrary N is given by
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g0 ¼

ia
p
þ b
 b AMNðApÞ; a A Ap; a real mod p;
a A ðx^1; . . . ; x^1; . . .Þ2 mod p
	

C½½p
p
:
To this Lie algebra we add the derivations qx^1 ; . . . ; qx^1 ; . . . and call the enlarged Lie al-
gebra g.
Let us suppose that we are given a deformation quantization ApE of EndðEÞ. We
deﬁne
Im ¼ fa A ApE j aðmÞ ¼ 0g;
and we let I nm denote the nth power of the ideal Im in the undeformed product. The jet of A
p
E
in m is deﬁned by
JmA
p
E ¼ lim 
k
ApE=I
k
m:
Since the value of the product in ApE in a point only depends on the derivatives in that
point, the product descends to JmA
p
E .
If we choose a trivialization of ApE around m, we get an isomorphism
JmA
p
E !
@
MNðApÞ. Any other trivialization will give an automorphism of MNðApÞ in G.
As in the case of EndðEÞ we do the following:
Deﬁnition 3.0.7. The frame bundle ~MAp
E
is given by
~MAp
E
¼ fðm;FÞ jm AM;F : MNðApÞ !@ JmApEg:
As before ~MAp
E
is a principal bundle with ﬁbre G.
Proposition 3.0.8. For all ðm;FÞ A ~MAp
E
there is a canonical isomorphism
oðm;FÞ : Tðm;FÞ ~MAp
E
! g:
The map o these isomorphisms deﬁne from T ~ME to g satisﬁes
(i) oðAÞ ¼ A; A A g0;
(ii) jo ¼ ad j1o; j A G;
(iii) doþ 1
2
½o;o ¼ 0;
where A is the fundamental vector ﬁeld corresponding to A.
In other words, o is a ﬂat connection with values in g.
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Proof. The same as the case of endomorphism bundles.
As in the case of endomorphism bundles, we get a ﬂat connection ‘ in the bundle
JApE ¼ ~MApE G MNðA
pÞ:
Proposition 3.0.9. The complex

WðM; JApEÞ;‘

is acyclic, and
ker‘!@ ApE :
Proof. The same as the case of endomorphism bundles.
We see that H 0 ¼ UðnÞ  PUðNÞ is a maximal compact subgroup of G. The UðnÞ-
component comes from a maximal compact subgroup of the symplectic group, SPð2nÞ, and
PUðNÞ (the projective unitary group) comes from the maximal compact subgroup of the
action of GlN on MNðCÞ.
Since H 0 is a maximal compact subgroup of G, we can reduce the bundle ~MAp to an
H 0 bundle P 0, which is easily seen to be a reduction of the principal bundle consisting of
dual symplectic frames and frames of EndðEÞ. We thus see that JApE is, in fact, isomorphic
to P 0 H Ap. We will denote this bundle byW.
Because we are working with an endomorphism bundle, the bundle P 0 admits a lift to
an H ¼ UðnÞ  SUðNÞ principal bundle P.
We introduce a grading on Ap in which x^1; . . . ; x^n; x^1; . . . ; x^n has degree 1 and p has
degree 2. This also gives a grading onMNðApÞ. Furthermore we see that the action of UðnÞ
on Ap preserves the grading and we hence get a grading onW.
We note that we have an extension of Lie algebras
0! 1
p
iRþ C½½p ! ~g! g! 0;ð3:1Þ
where
~g ¼ ia
p
þ b
 a A Ap; a real mod p; b AMNðApÞ
 	
with bracket given by commutators. The grading MNðApÞ also gives a grading on ~g and
therefore also on the subbundle ofW=p with ﬁber ~g, denoted by ~gM . Let h ¼ uðnÞ þ suðNÞ.
There is an embedding of h in ~g compatible with the quotient map ~g! g and the embed-
ding h! g. This embedding is obvious in the case of suðNÞ. Clearly uðnÞ embeds in spð2nÞ,
the Lie algebra of the symplectic group. Moreover spð2nÞ embeds in g as the Lie sub alge-
bra generated by elements on the form
ip1v1v2; v1; v2 A fx^1; . . . ; x^1; . . .g:
The embedding of uðnÞ in ~g is the restriction of the embedding of spð2nÞ in ~g given by
ip1v1v2 ! ip1v1  v2 þ i
2p
ostðv1; v2Þ; v1; v2 A fx^1; . . . ; x^1; . . .g:
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Since H acts semi-simple on g, we get an H-equivariant lift of the quotient map
~g! g. We can therefore lift the connection ‘ to a connection ~‘ taking values in ~g. This
means that we have a collection of local ~g-one forms fAig, i being labels of trivializations
ofW, satisfying
Ai ¼ gij dgji þ gijAjgji;
where gij are the transition functions.
This connection, however, is not ﬂat. But because of the extension (3.1), the curvature
dAi þ 1
2
½Ai;Ai is in W2 M; 1p iRþ C½½p
 
. Clearly the associated cohomology class is in-
dependent of the choice of lifting of ‘. By checking the deﬁnition of ‘, one sees that the
1
p
component of ~‘2 is
o
ip
, where o is the symplectic structure.
So for each deformation quantization of EndðEÞ we have a connection ‘ in W such
that ker‘ is isomorphic to the deformation quantization, and the lifting of ‘ to a ~g-valued
connection gives an element in
o
ip
þH 2ðM;C½½pÞ:
Proposition 3.0.10. Let Ap1;E and A
p
2;E be deformation quantizations with character-
istic classes y1 and y2. Then A
p
1;EFA
p
2;E if and only if y1 ¼ y2 in
o
ip
þH 2ðM;C½½pÞ.
The proof of the above proposition relies on the following
Lemma 3.0.11. Let Io : TM ! T M be the bundle isomorphism induced by o. Since
T MHW, the isomorphism Io induces an element A in W1ðM;WÞ. Put
A1 ¼ Ap A W
1ðM; ~gMÞ:
Then the complex

WðM; ~gMÞ;AdA1

is acyclic.
Proof. Since the action of AdA1 commutes with the action of CyðMÞ on
WðM; ~gMÞ, it is enough to prove the statement locally. Locally the complex is just

CyðR2nÞn i=pW^ þMNðW^Þ½½p; idn d^ ;
where ðW^; d^ Þ is the complex of formal di¤erential forms. From this the lemma follows.
Proof of Proposition 3.0.10. Let ~‘1 and ~‘2 be the two connections with
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~‘21 ¼ ~‘22 ¼ y. Note that we can actually assume that ~‘21 ¼ ~‘22 in
o
ip
þW2ðM;C½½pÞ. We
have
~‘1  ~‘2 ¼ R0 þ R1 þ    ; Ri A W1ðM; ~g iMÞ:
From the equality of the curvatures we get ½A1;R0 ¼ 0, and hence by Lemma 3.0.11
we have an element g1 A Gð~g1MÞ such that ½g1;A1 ¼ R0. Considering the connection
‘2;0 ¼ adðexp g1Þ‘2, we therefore have
~‘1  ~‘2;0 ¼ R 01 þ    ; R 0i A W1ðM; ~g iMÞ:
Continuing by induction and using the Hausdor¤-Campbell formula we get an element g in
G

Autð~gMÞ

conjugating ‘1 into ‘2, and hence the deformations will be isomorphic.
Let us now assume that Ap1;E and A
p
2;E are isomorphic. This induces an isomorphism
between ~MAp
1;E
and ~MAp
2;E
compatible with the connections on ~MAp
1;E
and ~MAp
2;E
. In partic-
ular we get an automorphism of W mapping ‘1 to ‘2, from which we see that A
p
1;E and
Ap2;E have the same characteristic class.
Theorem 3.0.12. The deformation quantizations of an endomorphism bundle are clas-
siﬁed by the a‰ne space
o
ip
þH 2ðM;C½½pÞ:
Proof. We only need to prove that for a class y in
o
ip
þW2ðM;C½½pÞ, we have a
deformation quantization with characteristic class y. To do this we start with a connection
in P and thus get an H-connection ‘ inW. We have that
½‘þ A1;‘þ A1 ¼ o
ip
þ 2½‘;A1 þ ½‘;‘:
One checks that ½A1; ½‘;A1 ¼ 0, and according to Lemma 3.0.11 we get an ele-
ment A0 A W
1ðM; ~gMÞ such that ½A1;A0 ¼ ½‘;A1. If we put ‘0 ¼ ‘þ A1 þ A0, we
have
½‘0;‘0  y ¼ 0 modW2ðM; ~g if0M Þ:
Let us now assume that we have constructed ‘n with ‘
2
n  y ¼ 0 modW2ðM; ~g ifnM Þ.
By the Bianchi identity we have ½‘n; ½‘n;‘n ¼ 0, and therefore ½A1; ð½‘n;‘n  yÞn ¼ 0,
where ð½‘n;‘n  yÞn is the n-th component of ½‘n;‘n  y. As before, we get an element An
with ½A1;An ¼ ð½‘n;‘n  yÞn, and considering ‘nþ1 ¼ ‘n þ An we have
½‘nþ1;‘nþ1  y ¼ 0 modW2ðM; ~g ifnþ1M Þ:
For each class y in
o
ip
þW2ðM;C½½pÞ we can thus construct a connection ‘F
with values in ~g and curvature y. We therefore only need to check that the complex
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
WðM;WÞ;‘F

is acyclic, that the kernel is isomorphic to G

EndðEÞ½½p, and that the
product induced by the product on W gives a deformation quantization of EndðEÞ. These
results, however, follow from the proof of the Proposition 3.0.10, since we locally can
conjugate ‘F to a connection on the form
d Pn
i¼1
ðq~xin dxi þ q~xin dxiÞ:
4. Lie algebra cohomology
Deﬁnition 4.0.13. A di¤erential graded Lie algebra ðg; dÞ over a commutative unital
ring k is a (Z=2Z or Z) graded k-module g with a bracket operation ½ ;  : g j  g i ! g iþj
and a di¤erential q : g i ! g i1 satisfying:
q½g1; g2 ¼ ½qg1; g2 þ ð1Þjg1j½g1; qg2;(i)
½g1; g2 ¼ ð1Þjg1j jg2j½g2; g1;(ii)
½g1; ½g2; g3 þ ð1Þjg3jðjg1jþjg2jÞ½g3; ½g1; g2 þ ð1Þjg1jðjg2jþjg3jÞ½g2; ½g3; g1 ¼ 0;(iii)
where j  j is the degree.
A g module L is a complex L with an action of g, i.e. we have a map g i  L j ! L iþj
satisfying
g1g2l  ð1Þjg1j jg2jg2g1l ¼ ½g1; g2l
and
qL ðglÞ ¼ ðqggÞl þ ð1ÞjgjgðqL lÞ:
Given a di¤erential graded Lie algebra g, we can deﬁne a di¤erential graded Lie al-
gebra g½e as follows:
. g½e ¼ gþ eg, where jej ¼ 1,
. ½g1; eg2 ¼ e½g1; g2,
. ½eg1; eg2 ¼ 0,
. qðg1 þ eg2Þ ¼ qgg1 þ g2  eqgg2.
Also one can construct the enveloping algebra by setting
UðgÞ ¼ TðgÞ=g1n g2  ð1Þjg1j jg2jg2n g1 ¼ ½g1; g2;
where TðgÞ is the tensor algebra. Furthermore UðgÞ has a di¤erential induced by the dif-
ferential on g by the graded Leibniz rule and a grading.
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We note that

Uðg½eÞ; q is a g module. Let h denote a Lie sub algebra of g. For a g
module L we deﬁne
C ðg; h; LÞ ¼ HomUðgÞ

Uðg½eÞnUðh½eÞ k; L

:
This will have a di¤erential induced by the di¤erential on Uðg½eÞ and the di¤erential on L.
The homology of this complex will be denoted by H ðg; h; LÞ.
We are now going to give a construction of classes in C ðg; h; LÞ in special cases.
First we assume that L is homotopically constant in the sense deﬁned below.
Deﬁnition 4.0.14. A g-module L is called homotopically constant if there exist op-
erations
ig : L
 ! L1; g A g
satisfying
½q; ig ¼ Lg; ½q;Lg ¼ 0;
½Lg1 ; ig2  ¼ i½g1;g2; ½ig1 ; ig2  ¼ 0;
where we have denoted the action of g by Lg.
In other words, we have an action of the di¤erential graded algebra Uðg½eÞ on L.
If we furthermore assume that there is an h-equivariant projection ‘ : g! h of the
embedding h! g, we get the usual Chern-Weil homomorphism, i.e. a map of complexes
CW : C ðh½e; h; LÞ ! C ðg; h; LÞ
given in the following way:
For an element g15g2 deﬁne Rðg15g2Þ ¼ ½‘ðg1Þ;‘ðg2Þ  ‘ð½g1; g2Þ. Taking cup
product gives Rn :52ng!5neh. By composition this gives a map
j : C ðh½e; h; LÞ ! C ðg; LÞ:
There are operations ln on L given by
g15  5gn ! ig1‘g1    ign‘gn l;
where l A L. Finally we set
CWðaÞ ¼P
n
lnW jðaÞ;
whereW is the cup product. One checks that this gives a morphism of complexes.
Next we will give a construction of classes in C ðh½e; h; LÞ for special cases of L. To
this end we need the following
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Deﬁnition 4.0.15. A g-module L is called very homotopically constant, if L is ho-
motopically constant and we have operations
Lg : L
 ! Lþ1; g A g;
ig : L
 ! L; g A g;
satisfying the eight conditions
½q; ig ¼ Lg  ig; ½q;Lg ¼ Lg; ½ig1 ; ig2  ¼ 0; ½ig1 ; ig2  ¼ 0;
½ig1 ;Lg2  ¼ i½g1;g2; ½ig1 ;Lg2  ¼ 0; ½Lg1 ;Lg2  ¼ L½g1;g2; ½Lg2 ;Lg2  ¼ 0:
In other words, we have an action of the di¤erential graded algebra Uðg½e; hÞ ¼ Uðg½e½hÞ
on L.
We now assume that L is a very homotopically constant h-module. We denote by
Lhþh the elements l A L
 with Lhl ¼ 0 and Lhl ¼ 0. We note that this is a complex. We get a
morphism of complexes Lhþh ! C ðh½e; h; LÞ by:
Lhþh C l ! ðh1    hn ! ih1    ihn lÞ:
4.1. Examples. We are going to give some examples of relative classes in Lie alge-
bra cohomology.
Example 1. Consider the extension (3.1) and choose an h-equivariant lift ‘ : g! ~g
of the quotient map ~g! g, where h is uðnÞ þ suðNÞ. We then deﬁne the class y in
C  g; h;
1
p
C½½p
 
by
yðg1; g2Þ ¼ ½‘g1;‘g2  ‘ð½g1; g2Þ:ð4:1Þ
We want to show that y actually comes from a sort of Chern-Weil map. Let k : ~g! g de-
note the quotient map, and let ~h ¼ k1ðhÞ, i.e.
~h ¼ hþ i
p
Rþ C½½p:
Note that C ðg; h; LÞ and C ð~g;~h; LÞ are quasi-isomorphic, when L is a g module. We
have a Chern-Weil homomorphism
CW : C ð~h½e;~h; LÞ ! C ð~g;~h; LÞ
as before. A choice of an ~h equivariant split ‘ 0 : ~g! ~h is given by ‘ 0 ¼ ‘ 00  k þ id ‘  k,
where ‘ 00 : g! h is an h-equivariant splitting of the embedding h! g. Let y be the pro-
jection of ~h on
i
p
Rþ C½½p. It is now easy to see that under the quasi-isomorphism between
C  g; h;
1
p
C½½p
 
and C  ~g;~h;
1
p
C½½p
 
, the class CWðyÞ is the same as the y we deﬁned
in the start of this example.
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Example 2. Some other classes in C ðg; hÞ we need, are also coming from a Chern-
Weil construction. We consider an h-equivariant splitting ‘ 0 of the embedding h! g.
Composed with the projection uðnÞ þ suðNÞ ! suðNÞ, we get an h equivariant map
‘ : g! suðNÞ. Using this we therefore get a Chern-Weil homomorphism
CW : C 

suðNÞ½e; suðNÞ! C g; suðNÞ:
It is clear that this homomorphism in fact maps into C ðg; hÞ. We therefore get the usual
classes; for example the usual chern character ch, which is
expðRÞ ¼P 1
n!
TrðRnÞ;
where
Rðg1; g2Þ ¼ ½‘g1;‘g2  ‘½g1; g2:
Here Tr denotes the usual normalized trace on suðNÞ. This class is of course the Chern-
Weil map on the symmetric polynomial ch on suðNÞ given by
chðh1; . . . ; hnÞ ¼ 1
n!
P
s ASn
1
n!
Trðhsð1Þ    hsðnÞÞ:
Since C 

suðNÞ½e; suðNÞ embeds in C ð~h½e;~hÞ, the Chern-Weil construction given
in this example is just a particular case of the Chern-Weil homomorphism
CW : C ð~h½e; ~hÞ ! C ð~g;~hÞ:
Example 3. We can of course do the construction from Example 2 for uðnÞ instead
of suðNÞ, and in this way get a Chern-Weil homomorphism
C 

uðnÞ½e; uðnÞ! C ðg; hÞ:
This again can also be viewed as the composition
C 

uðnÞ½e; uðnÞ! C ð~h½e;~hÞ ! C ð~g;~hÞ:
We will in particular be interested in the symmetric polynomial A^ coming from the map
h! det h=2
sinhðh=2Þ
 
:
5. Cyclic homology
We consider a di¤erential graded unital algebra ðA; dÞ over a commutative ring
k containing Q, i.e. an algebra A that can be written as A ¼L
n
An, where An’s are k-
submodules of A and AnAmHAnþm. Elements in An are said to have degree n and we will
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denote the degree of an element a by jaj. Furthermore d : A ! A1 has to be a di¤erential
and satisfy dðabÞ ¼ dðaÞbþ ð1ÞjajadðbÞ.
Deﬁne an operator t on Anðnþ1Þ by
tða0n   n anÞ ¼ ð1Þ
ðjanjþ1Þ T
n1
i¼0
ðjai jþ1Þ
ann a0n   n an1;
and consider the complex
    bþd CnðAÞ=Imð1 tÞ  bþd Cnþ1ðAÞ=Imð1 tÞ  bþd   
where Cnþ1ðAÞ denotes the set of elements of the form a0n   n ak with k þ
P jaij ¼ n,
bða0n   n anÞ ¼
Pn1
k¼0
ð1ÞkþT
k
i¼0
jaij
a0n   n akakþ1n   n an
þ ð1Þðjanjþ1Þ Ti<nðjaijþ1Þþjanjana0n   n an1
and
dða0n   n anÞ ¼
Pn
k¼0
ð1Þ T
k1
i¼1
ðjaijþ1Þ
a0n   n dðakÞn   n an:
The complex is denoted by C l ðAÞ, and the homology is the cyclic homology of A denoted
by HCðAÞ.
The reduced cyclic homology is given by the homology of the complex
    bþd CnðAÞ=Imð1 tÞ  bþd Cnþ1ðAÞ=Imð1 tÞ  bþd    ;
where C ðAÞ comes from considering An instead of An, where A ¼ A=k  1.
The reduced cyclic homology of A is denoted by HCðAÞ, and the complex above,
computing the reduced cyclic homology, is denoted by C l ðAÞ.
It is well known, see [10] and [2], that there is an exact sequence
  HCnðkÞ ! HCnðAÞ ! HCnðAÞ ! HCn1ðkÞ !    :ð5:1Þ
We will brieﬂy give a construction, due to Brodzki, of the connecting morphism
HCðAÞ ! HC1ðkÞ at the level of complexes, see [3] and [2]; i.e. a morphism of com-
plexes
Br : C l ðAÞ ! C l1ðkÞ
giving the connecting homomorphism at the level of homology. Let l : A! k be a k-linear
map with lð1Þ ¼ 1. Put
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rðaÞ ¼ ldðaÞ; a A A;
rða1n a2Þ ¼ lða1Þlða2Þ  lða1a2Þ; a1n a2 A An2;
r ¼ 0 on Anm; mf 3;
and deﬁne Br : C l ðAÞ ! C l1ðkÞ by setting
Brða0n   n amÞ ¼
Pm
i¼0
ð1Þ
T
k<i
ðjak jþ1Þ T
kfi
ðjak jþ1Þðrn   n rÞ
ðain   n a0n amn   n ai1Þðnþ 1Þ!  1n2nþ1
on C l2nþ1, and letting Br be zero on C
l
2n Br.
We now consider the di¤erential graded algebra k½h, where h has degree one, h2 ¼ 0,
and the di¤erential is given by qh. For a di¤erential graded algebra A we deﬁne A½h to be
An k½h, wheren is the tensor product of di¤erential graded algebras. It is not di‰cult to
see that HCðA½hÞ ¼ 0, and we therefore have
Proposition 5.0.1. The morphism
Br : C l ðA½hÞ ! C l1ðkÞ
is a quasi-isomorphism.
Since it is not standard, we mention that the reduced cyclic homology is Morita in-
variant; at least in the case of algebras and matrices over these algebras. To see this, let A
be an algebra, and let l : A! k be a map needed in the construction of Br. Let tr denote
the normalized trace tr : MnðAÞ ! A. We have a commutative diagram
! HC MNðAÞ ! HC MNðAÞ !Br HC1ðkÞ !???ytr
???ytr

! HC ðAÞ ! HC ðAÞ !Br HC1ðkÞ !
where Br : HC 

MNðAÞ
! HC1ðkÞ is induced by l  tr. According to [10],
tr : HC 

MnðAÞ
! HC ðAÞ is an isomorphism. The result therefore follows from the ex-
act sequence (5.1).
5.1. Operations on the periodic complex. For the periodic cyclic complex we con-
sider
Q
n
AnAnn. We give this a Z=2Z grading by
ja0n   n anj ¼ nþ
P
i
jaij mod2:
On this complex we consider the di¤erential bþ Bþ d, where b and d are given as before,
and
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Bða0n   n anÞ
¼Pn
i¼0
ð1Þ
T
jei
ðjaj jþ1Þ T
jfiþ1
ðjaj jþ1Þ
1n ain   n ann a0n   n ai1:
We will denote this complex by CC per ðAÞ.
The main feature about cyclic periodic homology that we are going to need, is the
following (see [14] for complete formulas):
Theorem 5.1.1. There is a morphism of complexes
C l ðA½hÞnCC per ðAÞ ! CC per ðAÞ
satisfying the following:
. n!hnnþ1  a ¼ a for a A CC per ðAÞ.
. The component in A of ðb1n   n bnÞ  ða0n   n amÞ, where
b1n   n bn A C l ðAÞ;
is zero when m3 n and equal to
P
i
1
n!
ð1Þ iðn1Þa0½biþ1; a1    ½bn; ani½b1; aniþ1    ½bi; an
when m ¼ n.
The framework underlying Theorem 5.1.1 also gives other operations on CC per ðAÞ,
see [14] for details. Let

C ðA;AÞ; b be the Hochschild cohomological complex, i.e.
C ðA;AÞ ¼ HomkðAn;AÞ, and
bjða1;n; anþ1Þ ¼ ð1Þna1jða2; . . . ; anþ1Þ
þPn
j¼1
ð1Þnþjjða1; . . . ; aj; ajþ1; . . . ; anþ1Þ  jða1; . . . ; anÞanþ1:
Given two elements, j in CnðA;AÞ and c in CmðA;AÞ, deﬁne
j  cða1; . . . ; anþm1Þ
¼ P
jf0
ð1Þðn1Þjja1; . . . ; aj;cðajþ1; . . . ; ajþmÞ; . . .:
Set
½j;c ¼ j  c ð1Þðnþ1Þðmþ1Þc  j:
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With this bracket and a suitably deﬁned grading, C ðA;AÞ actually becomes a di¤erential
graded Lie algebra.
For j A CnðA;AÞ one can construct operations
Lj : CC
per
 ðAÞ ! CC pernþ1ðAÞ;
Ij : CC
per
 ðAÞ ! CC pernðAÞ
such that
½Lj;Lc ¼ L½j;c;
½Ij;Lc ¼ I½j;c;
½Bþ b; Ij ¼ Ibj þ Lj:
6. The fundamental class
We consider the reduced cyclic homology complex of MNðApÞ½p1. According to
Lemma 5.1.1 in [2] and the Morita invariance of reduced the cyclic homology, the homo-
logy is given in the following way:
HCi

MNðApÞ½p1
 ¼ C½½p; p1; i ¼ 1; 3; . . . ; 2n 1;
HCi

MNðApÞ½p1
 ¼ 0 otherwise:
A concrete generator for the homology in dimension 2n 1 is given by
U0 ¼ 1
2nðipÞn
P
s AS2n
ðvsð1Þn   n vsð2nÞÞ;
where ðv1; . . . ; v2nÞ ¼ ðx^1; x^1; . . . ; x^n; x^nÞ.
Let ~h denote the inverse image of h under the map ~g! g. Note that U0 is invariant
under the action of ~h and therefore, by the result on HC

MNðAp½p1Þ

, extends uniquely
in homology to a class
U A C 

~h½e;~h;C l

MNðAp½p1Þ

:
We wish to work with the di¤erential graded algebra MNðAp½p1Þ½h instead of
MNðAp½p1Þ. In the complex
C l

MNðAp½p1Þ½h

we deﬁne hðkÞ ¼ k!hnkþ1.
We also deﬁne operations on C l

MNðAp½p1Þ½h

by
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igða0n   n apÞ
¼Pp
i¼0
ð1Þ
T
kei
ðjak jþ1Þðjgjþ1Þ
a0n   n ain gn   n ap;
where g AMNðAp½p1Þ½h. Put ig ¼ ihg and Lg ¼ Lhg, g AMNðAp½p1Þ. Here L denotes the
usual L operation on the reduced cyclic complex.
With these operations C l

MNðAp½p1Þ½h

becomes almost very homotopically
constant over the commutator Lie algebra of MNðAp½p1Þ. (Instead of the relations
½q; ig ¼ Lg  ig and ½q;Lg ¼ Lg we have the relations ½q; ig ¼ Lg þ ig and ½q;Lg ¼ Lg.
Phrased di¤erently: C l

MNðAp½p1Þ½h

is very homotopically constant if we replace ig
and Lg by ig and Lg.)
As in the case of very homotopically constant modules, we get a morphism of com-
plexes
C l

MNðAp½p1Þ½h

hþh ! C 

~h½e;~h;C l

MNðAp½p1Þ½h

given by
l ! ðh1e; . . . ; hpeÞ ! ð1Þpih1    ihp l:
Note that hðkÞ A C l

MNðAp½p1Þ½h

hþh, and we therefore get classes
h½k in C 

~h½e;~h;C l

MNðAp½p1Þ½h

given by
ðh1e; . . . ; hpeÞ ! ð1Þpih1h    ihphhðkÞ:
Lemma 6.0.2. The formula
U ¼ P
mf0
ðA^  ey  ch1Þ12m  h½m
holds in H 

~h½e;~h;C l

MNðAp½p1Þ½h

.
Proof. It is well known from [2] that there is a splitting principle, i.e. the inclusion
morphism
H 

~h½e;~h;C l

MNðAp½p1Þ½h

! H ~dn þ suðNÞ½e; ~dn þ suðNÞ;C lMNðAp½p1Þ½h
where ~dn ¼ dn þ p1C½½p and dn is the set of n n diagonal matrices, is injective.
Therefore we only have to identify the two classes in
H 

~dn þ suðNÞ
½e; ~dn þ suðNÞ;C lMNðAp½p1Þ½h:
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We note that we can factor the classes at hand in the following way: Write
MNðAp½p1Þ ¼ Ap1½p1n   nAp1½p1nMNðAp1Þ½p1;
where Ap1 is the formal Weyl algebra in one variable. We can write
U ¼ U1     U1 U 01, where U1 is the extension of the fundamental class in
C 

d1½e; d1;C l ðAp1½p1; hÞ

, and U 01 is the extension of the fundamental class in
C 

~d1 þ suðNÞ
½e; ~d1 þ suðNÞ;C lMNðAp1½p1Þ½h:
We thus need to identify U1 and U
0
1.
In the ﬁrst case we can represent U1 by
U1 ¼
Py
m¼1
1
m
ðipÞ1x^n x^nmcm11 ;ð6:1Þ
where c1 is the ﬁrst Chern class.
Recall that the deﬁnition of Ap1½p1 is C½½x^; x^½½p; p1 with a product . Given an
element f in Ap1½p1, we can regard f as a function in the variables x^; x^ with values in
C½½p; p1. Hence, given f in Ap1½p1, we can deﬁne lð f Þ ¼ f ð0; 0Þ. With this l we get, ac-
cording to section 5, a quasi-isomorphism of complexes
Br : C l ðAp½p1; hÞ ! C l ðC½½p; p1Þ:
One checks that this gives a morphism of complexes
C 

d1½e; d1;C l ðAp1½p1; hÞ
!Br C d1½e; d1;C l ðC½½p; p1Þ
and therefore a quasi-isomorphism of complexes.
A computation shows that
BrðU1Þ ¼
Py
m¼0
1ðmÞA^12m;
where 1ðmÞ ¼ m!ðmþ 1Þ!1nð2mþ1Þ, and A^ is as in example 3 in section 4. On the other hand
we have Brðh½mÞ ¼ 1ðmÞ, where h½m is the class
ed1; . . . ; edk ! ð1Þkid1h    idkhhðmÞ; di A d1:
Since Br is a quasi-isomorphism, we have
U1 ¼
Py
m¼0
h½mA^12m
in H 

d1½e; d1; C^ l ðAp1½p1; hÞ

.
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We note that we have a morphism of complexes
C 

~d1 þ suðNÞ
½e; ~d1 þ suðNÞ;C lMNðAp½p1Þ
Tr
???y
C 

~d1 þ suðNÞ
½e; ~d1 þ suðNÞ;C l ðAp½p1Þ;
where in the bottom row suðNÞ acts trivially, and Tr denotes the morphism of complexes
C l

MNðAp1Þ½p1
! C l ðAp1½p1Þ
induced by the normalized trace Tr.
In the top row we have the class U 01 that in homology is the unique extension of the
fundamental class. In the bottom row we have a class U 0 given by the same formula as
in 6.1. Also this is, in homology, a unique extension of the fundamental class. Therefore
TrðUÞ ¼ U 0 in
H 

~d1 þ suðNÞ
½e; ~d1 þ suðNÞ;C l ðAp½p1Þ:
We further note that there are morphisms of complexes
C 

~d1 þ suðNÞ
½e; ~d1 þ suðNÞ;C lMNðAp½p1Þ½h
Tr
???y
C 

~d1 þ suðNÞ
½e; ~d1 þ suðNÞ;C l ðAp½p1½hÞ
Br
???y
C 

~d1 þ suðNÞ
½e; ~d1 þ suðNÞ;C l ðC½½p; p1Þ;
where Br is the Brodzki map as before. We thus have
Br

TrðU 01Þ
 ¼ P
me0
A^12m1
ðmÞ:
Note that
Br

Trðh½mÞ ¼Py
l¼0
1ðmþl Þðey chÞ2l ;
where y is given in example 1 in section 4 and ch is given in example 2 in section 4.
Since Br  Tr is a quasi-isomorphism, we get
U 01 ¼
Py
m¼0

A^  ey  ðchÞ11
2m
h½m
in H 

~d1 þ suðNÞ
½e; ~d1 þ suðNÞ;C lMNðAp1½p1Þ½h.
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The lemma now follows, since A^ is multiplicative.
It is well known, see [2], that the restriction homomorphism
C 

~g½e;~h;C l

MNðAp½p1Þ½h
! C ~h½e;~h;C lMNðAp½p1Þ½h
is a quasi-isomorphism. But in C 

~g½e;~h;C l

MNðAp½p1Þ½h

there are two classes that
map to h½m under the restriction homomorphism, namely CWðh½mÞ and the class
ðg1e; . . . ; gpeÞ ! ð1Þpig1h    igphhðmÞ:ð6:2Þ
Therefore CWðh½mÞ and the class (6.2) are equivalent in
C 

~g½e;~h;C l

MNðAp½p1Þ½h

:
Considering the restriction homomorphism
C 

~g½e;~h;C l

MNðAp½p1Þ½h
! C ~g;~h;C lMNðAp½p1Þ½h
we get that in the righthand side CWðh½mÞ is equivalent to hðmÞ. For g-modules L we
have that C ð~g;~h; LÞ is quasi-isomorphic to C ðg; h; LÞ. Combining these observations we
have:
Theorem 6.0.3. Let U be an extension of U0 to a class in
C 

g; h;C l

MNðAp½p1Þ½h

:
In H 

g; h;C l

MNðAp½p1Þ½h

we have the following equality:
U ¼ P
mf0

A^  ey  ðchÞ11
2m
 hðmÞ:
7. The Gelfand-Fuks construction
We consider a g-module L, where g is as in section 3. Given a deformation quanti-
zation ApE , we can consider the bundle
~MAp
E
G L
and also consider the di¤erential forms with values in this bundle. We will denote this by
WðM; LÞ. Furthermore we get a ﬂat connection ‘ induced from the connection on ~MAp
E
.
Using this connection and the di¤erential on L, we get a complex WðM; LÞ. The Gelfand-
Fuks construction gives a morphism of complexes
GF : C ðg; h; LÞ ! WðM; LÞ
deﬁned in the following way:
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Choose a UðnÞ  SUðNÞ trivialization of ~MAp
E
G L. In a given trivialization write
‘ ¼ d þ A, where A is the connection one form. Given vector ﬁelds X1; . . . ;Xp and l in
C ðg; h; LÞ, deﬁne
GFðlÞðX1; . . . ;XpÞ ¼ lðX1; . . . ;XpÞ:
The Gelfand-Fuks construction applied to the examples of classes in C ðg; h; LÞ
constructed in section 4 gives the following:
Example 1. GFðyÞ is the characteristic class of the deformation quantization.
Example 2. GFðchÞ is the Chern character of EndðEÞ.
Example 3. GFðA^Þ is the A^ class of TM.
The main example we are going to look at, is the case where L is C l

MNðApÞ½p1

.
We ﬁrst note that
Lemma 7.0.4. Let ApE be a deformation quantization over R
2n. The complex
W

R2n;C l

MNðApÞ

;‘

is acyclic, and the cohomology consists of jets on the diagonal
of elements in C l

MNðWnÞ

.
Proof. We can assume that ‘ is of the form d P
i
ðqx^in dxi þ qx^in dxiÞ. We have
a short exact sequence of complexes
0! WR2kn=D;MNðApÞnk;‘! WR2kn;MNðApÞnk;‘
!j
 
W

R2k;MNðApÞnk

;‘
! 0;
where j : R2n ! R2kn is the map onto the diagonal d. From the associated long exact se-
quence, we see that

W

R2k;MNðApÞnk

;‘

is acyclic and that the cohomology consists
of jets on the diagonal of elements of MNðWnÞnk. By considering the following short exact
sequence of complexes
0! WR2k; 1nMNðApÞn   nMNðApÞ þ   
þMNðApÞn   nMNðApÞn 1

;‘

! WR2k;MNðApÞnk;‘! WR2k;MNðApÞnk;‘! 0
we see that

W

R2k;MNðApÞnk

;‘

is acyclic and that the cohomology consists of jets on
the diagonal of elements in MNðWnÞnk.
Let a be an element in W

M;MNðApÞnk=Imð1 tÞ

with ‘ðaÞ ¼ 0. We can then
lift a to an element ~a A W

R2k;MNðApÞnk

, where ‘ð~aÞ A WR2k; Imð1 tÞ. However,
b ¼ 1
k
Pk1
i¼0
t ið~aÞ is also a lift of a, and ‘ðbÞ ¼ Pk1
i¼0
t i‘ð~aÞ ¼ 0. The lemma follows from this.
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8. Traces on deformation quantizations and index theory
We consider a deformation quantization ApE of an endomorphism bundle EndðEÞ
over a symplectic manifold M of dimension n. Let ApE; c be the algebra of elements in A
p
E
with compact support. This algebra has a canonical C½½p; p1 valued trace deﬁned in the
following way:
Let ðVi;FiÞ be a cover ofM andF1i : MNðWnÞ ! ApE local isomorphisms over Vi. Let
rVi be a partition of unity with respect to the covering. For an element a A A
p
E; c we deﬁne
TrðaÞ ¼P
i
Ð 1
n!ðipÞn tr

Fiðri  aÞ

onst;
where ost is the standard symplectic form on R
2n, and tr denotes the normalized trace on
MN . That Tr is independent of the choices made, and that it is a trace, hinges on the fol-
lowing two propositions.
Proposition 8.0.5. Let E be the trivial line bundle. Then Tr is a trace and independent
of the choices made.
Proof. See [7].
Proposition 8.0.6. SupposeWn is the Weyl algebra over some contractible open subset
U of R2n, then every automorphism over the identity map of MNðWnÞ is inner.
Proof. More or less the same as Lemma 3.0.6, see also Lemma 2.0.4.
We consider the trace as a functional on CC per ðApE; cÞ, and we want to compute the
trace at the level of homology. To this end we consider the following situation:
Given an element b in C l ðApE ½p1; hÞ, we deﬁne wTrðbÞ in CC perðApE; cÞ in the follow-
ing way:
wTrðbÞðaÞ ¼ Trðb  aÞ;
where  means the action of C l ðApE ½p1; hÞ on CC per ðApE; c½p1Þ, see Theorem 5.1.1. We
will now extend this to elements in the Cˇech complex C 

M;C l ðApE ½p1; hÞ

with values in
the presheaf V ! C l ðApEjV ½p1; hÞ. This is done in the following proposition.
Proposition 8.0.7. Take fbV0...Vpg in C 

M;C l ðApE ½p1; hÞ

and a in
CC per ðApE; c½p1Þ:
Deﬁne
wTrðfbV0...VpgÞðaÞ ¼
P
V0;...;Vp
wTrðbV0;...; vpÞðIrV0 ½Bþ b; IrV1  . . . ½Bþ b; IrVp aÞ:
This gives a morphism of complexes
C 

M;C l ðApE ½p1; hÞ

nCC per ðApE; c½p1Þ ! C½½p; p1:
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Proof. See [11].
8.1. The fundamental class in the Cˇech complex. Recall that we have the canonical
coordinates x1; . . . ; xn; x1; . . . ; xn on R
2n. We will also use this notation for the associated
coordinate functions and consider these coordinate functions as elements inWn.
The fundamental class U0 in C
l


MNðWnÞ½p1

is given by
U0 ¼ 1
2nðipÞn
P
s AS2n
ðvs1n   n vs2nÞ;
where ðv1; . . . ; v2nÞ ¼ ðx1; . . . ; xn; x1; . . . ; xnÞ.
By the same argument as in the section on the fundamental class in Lie algebra co-
homology, this class extends uniquely in cohomology to a class U in C 

M;C l ðApE ½p1Þ

.
In order to connect this class to the fundamental class deﬁned in Lie algebra cohomology,
we introduce the complex
C 

M;W

M;C l

MNðAp½p1Þ

:
According to Lemma 7.0.4, this complex is quasi-isomorphic to the complex
C 

M;C l ðApE ½p1Þ

. Furthermore we have the Gelfand-Fuks morphism
GF : C 

g; h;C l

MNðAp½p1Þ
! C M;WM;C lMNðAp½p1Þ:
Because of uniqueness we get that GFðUÞ ¼ U in cohomology. By Theorem 6.0.3 and the
splitting principle, we therefore get
Theorem 8.1.1. In the complex C 

M;C l ðApE ½p1; hÞ

the two classes
U and
P
mf0
ðA^  ey  chÞ12m  hðmÞ
are equivalent.
With this we are now in position to prove:
Theorem 8.1.2. wTrðUÞða0n   n akÞ has no singularities in p and
wTrðUÞða0n   n akÞ ¼ ð1Þn
Ð
ch1

EndðEÞ chð‘Þð~a0n   n ~akÞ mod p:
Here ~ai is aimod p, and chð‘Þ is the J.L.O. cocycle associated to ‘ (see also [8]), i.e.
chð‘Þð~a0n   n ~akÞ
¼ Ð
Dk
tr

~a0e
t0‘2‘ð~aiÞet1‘2   ‘ð~akÞetk‘2

dt0    dtk1;
where tr is the normalized trace on EndðEÞ.
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According to Theorem 8.1.1, we therefore have that
Trða0n   n ak  eyÞ ¼ ð1Þn
Ð
A^  chð‘Þð~a0n   n ~akÞ mod p:
Proof. Because of Morita equivalence, it is enough to look at the case where ~ai is
scalar for all i. We have that
wTrðUÞða0n   n akÞ ¼
P
V0
wtrðU0Þ

IrV0ða0n   n akÞ
þ    ;
and it is not di‰cult to see that . . . is zero modulo p. The explicit formula for wTrðU0Þ gives
P
V0
wTrðU0Þ

IrV0ða0n   n a2nÞ
 ¼ ð1Þn 1
2n!
Ð
~a0 d ~a1    d ~a2n mod p:
The result follows from this.
By adopting the arguments in [12] one sees that
d
dp
Trða  eyÞ ¼ 0
when a is a cycle in CC per;C ðApE; cÞ. The notation CC per;C ðApE; cÞ means cyclic periodic ho-
mology of ApE; c as a C-algebra. Together with Theorem 8.1.2 we get
Theorem 8.1.3. The identity
TrðaÞ ¼ ð1ÞnÐ A^  ey  chð‘Þð~aÞ
holds when a is a cycle in CC per;C ðApE; cÞ.
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